Abstract. Real and quaternionic parabolic vector bundles over a n-pointed Riemann surface equipped with an anti-holomorphic involution are studied.
Introduction
Holomorphic vector bundles on compact Riemann surfaces is a rich topic that started with the papers of Weil and Atiyah [We] , [At] and continues to be a very active area of research. The crucial notion of stability was introduced by Mumford [Mu] . Inspired by it Narasimhan and Seshadri proved that stable vector bundles of degree zero of a compact Riemann surface correspond to irreducible unitary representations of the fundamental group of the surface [NS] .
Mehta and Seshadri introduced the notion of parabolic vector bundles, [MS] , and proved an analog of the above mentioned theorem of [NS] for the unitary representations of the fundamental group of a punctured Riemann surface. More precisely, they proved that given a finite subset S of a compact Riemann surface X, irreducible representations of π 1 (X \ S) in U(r) correspond to the stable parabolic vector bundles on X of rank r and parabolic degree zero with parabolic structure over S.
A Klein surface is a compact Riemann surface equipped with an anti-holomorphic involution. Just as compact Riemann surfaces correspond to smooth complex projective curves, Klein surfaces correspond to geometrically irreducible complex projective curves defined over the field of real numbers. Let X be compact connected Riemann surface equipped with an anti-holomorphic involution σ. A real vector bundle on (X, σ) is a holomorphic vector bundle on X equipped with an antiholomorphic lift τ of σ such that τ 2 = Id. A quaternionic vector bundle on (X, σ) is a holomorphic vector bundle on X equipped with an anti-holomorphic lift τ of σ such that τ 2 = −Id. Real and quaternionic vector bundles on Klein surfaces are extensively investigated. Our aim here is to study the parabolic analog of them.
Given (X, σ) as above, and a finite subset S ⊂ X with σ(S) = S, set X ′ ∈ X \S, and fix a point x 0 ∈ X not preserved by σ. Then there is a natural extension Γ(X ′ , x 0 ) of π 1 (X ′ , x 0 ) with cokernel Z/2Z. There is also an extension U(r) of U(r) with cokernel Z/2Z. A σ-homomorphism from Γ(X ′ , x 0 ) to U(r) is by definition a group homomorphism Γ(X ′ , x 0 ) −→ U(r) that induces the identity on Z/2Z. Quaternionic-homomorphisms can be defined similarly (see Remark 3.1).
We prove the following:
Theorem 1.1. There is a natural bijective correspondence between the equivalence classes of σ-homomorphisms Γ(X ′ , x 0 ) −→ U(r) and polystable real parabolic vector bundles of rank r and parabolic degree zero. Moreover, this correspondence takes the irreducible σ-homomorphisms surjectively to the stable real parabolic bundles.
There is a natural bijective correspondence between the equivalence classes of quaternionic-homomorphisms Γ(X ′ , x 0 ) −→ U(r) and polystable quaternionic parabolic vector bundles of rank r and parabolic degree zero. Moreover, this correspondence takes the irreducible quaternionic-homomorphisms surjectively to the stable quaternionic parabolic bundles.
A similar theorem is proved for compact type real, as well as quaternionic, parabolic vector bundles (see Theorem 3.3).
2. Parabolic vector bundles and stability 2.1. Real and quaternionic parabolic vector bundles. Let X be a compact connected Riemann surface; the almost complex structure on X will be denoted by
be a diffeomorphism satisfying the following two conditions:
(1) σ is anti-holomorphic, meaning it takes J X to −J X , or equivalently,
such that σ(S) = S. Note that σ need not fix the points of S individually. Let E be a holomorphic vector bundle on X. A quasiparabolic structure on S is a strictly decreasing filtration of subspaces
for every 1 ≤ j ≤ d. A parabolic structure on E over S is a quasiparabolic structure as above together with d decreasing sequences of real numbers For notational convenience, a parabolic vector bundle (E, {E i j }, {α i j }) as above will also be denoted by E * .
Let E be a holomorphic vector bundle on X of rank r. Let E be the C ∞ complex vector bundle of rank r on X whose underlying real vector bundle of rank 2r is the real vector bundle underlying E, while multiplication by √ −1 on the fibers of E coincides with the multiplication by − √ −1 on the fibers of E. The holomorphic structure on E induces a holomorphic structure on σ * E. This holomorphic structure on σ * E uniquely determined by the condition that a section of E defined over an open subset U ⊂ X is holomorphic if and only if the corresponding section of E over σ(U ) is holomorphic.
Let E * = (E, {E i j }, {α i j }) be a parabolic bundle. Then for any x j ∈ S, the filtration {E i j } of E xj produces a filtration of the fiber (σ * E) σ(xj ) using the conjugate linear identification of E xj with (σ * E) σ(xj ) . For any j, the parabolic weights {α
can be considered as parabolic weights associated to this filtration of (σ * E) σ(xj ) . The new parabolic vector bundle obtained this way will be denoted by σ * E * . A real parabolic vector bundle on X is a parabolic bundle E * = (E, {E i j }, {α i j }) together with a holomorphic isomorphism
(1) τ produces an isomorphism of the parabolic vector bundle E * with the parabolic vector bundle σ * E * , and
A quaternionic parabolic vector bundle on X is a parabolic bundle E * with a holomorphic isomorphism
Let E * * be the parabolic dual of E * [Yo, Section 3] , [Bis, p. 309] . The holomorphic vector bundle underlying the parabolic vector bundle E * * will be denoted by E * 0 . Note that E * 0 is a subsheaf of E * , and the inclusion map E * 0 ֒→ E * is an isomorphism over X \ S. This inclusion fails to be an isomorphism over x j ∈ S if there is any nonzero parabolic weight of E * at x j .
A compact type real parabolic vector bundle on X is a parabolic bundle
(1) τ produces an isomorphism of the parabolic vector bundle E * with the parabolic vector bundle σ * E * * = (σ * E * ) * , and
Since σ * E * 0 is in general a proper subsheaf of σ * E * , the homomorphism τ is not an isomorphism in general. Note that τ is an isomorphism over X \ S because the vector bundle underlying σ * E * * is identified with σ * E * over X \ S.
A compact type quaternionic parabolic vector bundle on X is a parabolic bundle E * with a holomorphic homomorphism
2.2. Parabolic semistability. The parabolic degree of a parabolic vector bundle
[MS, Definition 1.11]. Take any holomorphic subbundle F ⊂ E. For each x j ∈ S, the fiber F xj has a filtration obtained by intersecting the quasiparabolic filtration of E xj with the subspace F xj . The parabolic weight of a subspace V ⊂ F xj in this filtration is the maximum of the numbers
This parabolic structure on F will be denoted by F * .
A parabolic vector bundle E * = (E, {E i j }, {α i j }) is called stable (respectively, semistable) if for all subbundles F E of positive rank, the inequality
holds [MS, Definition 1.13] . A parabolic vector bundle E * is called polystable if (1) it is parabolic semistable, and (2) it is a direct sum of parabolic stable vector bundles (see [Yo] , [Bis] for direct sum of parabolic vector bundles). A stable parabolic bundle is simple, meaning any holomorphic automorphism of it is a constant nonzero scalar multiplication.
A real or quaternionic parabolic vector bundle
holds. A real (respectively, quaternionic) parabolic vector bundle (E * , τ ) is called polystable if it is parabolic semistable and it is a direct sum of real (respectively, quaternionic) parabolic stable vector bundles. Any automorphism of a stable real or quaternionic parabolic bundle is multiplication by a constant nonzero real number. A compact type real or quaternionic parabolic vector bundle
holds. A compact type real (respectively, quaternionic) parabolic vector bundle (E * , τ ) is called polystable if it is parabolic semistable and it is a direct sum of compact type real (respectively, quaternionic) parabolic stable vector bundles. 
is evidently semistable (respectively, polystable). If ((E, {E 
has a unique maximal polystable parabolic subbundle F with parabolic slope same as that of (E, {E i j }, {α i j }) [HL, page 23, Lemma 1.5.5] . Now from the uniqueness of this maximal polystable parabolic subbundle F it follows that it is invariant under τ . Therefore, this subbundle F has a τ invariant complement F ′ , because
′ is nonzero, then the maximality of F is contradicted, because F ′ also has a unique maximal polystable parabolic subbundle F with parabolic slope same as that of (E, {E 
Unitary connections and parabolic bundles
For notational convenience, the complement X \ S will be denoted by X ′ . Fix a base point x 0 ∈ X ′ . Let
be a homomorphism. It produces a complex vector bundle E(̺) −→ X ′ of rank r equipped with a flat unitary connection. In particular, E(̺) has a holomorphic structure. The Deligne extension of E(̺) to X is a holomorphic vector bundle equipped with a logarithmic connection [De] , [MS, Section 1] . This holomorphic vector bundle on X has a natural parabolic structure. The parabolic weights at x j and their multiplicities are given by the eigenvalues of the image under ̺ of an element of π 1 (X ′ , x 0 ) produced by an oriented loop around x j ; this element of π 1 (X ′ , x 0 ) is not unique, but its conjugacy class is so, and hence the eigenvalues and their multiplicities are also uniquely determined. More precisely, the quasiparabolic filtration at x j and the parabolic weights at x j are given by the residue at x j of the logarithmic connection.
This parabolic vector bundle given by ̺, which we will denote by E ̺ * , is polystable of parabolic degree zero; moreover, the parabolic vector bundle E ̺ * is stable if and only if the representation ̺ is irreducible [MS, Proposition 1.12] .
Conversely, any polystable parabolic vector bundle of rank r and parabolic degree zero is given by a homomorphism from π 1 (X ′ , x 0 ) to U(r) [MS] , [Biq] . Therefore, a parabolic vector bundle E * = (E, {E i j }, {α i j }) of parabolic degree zero is polystable if and only if E| X\S has a unitary flat connection ∇ compatible with the parabolic structure over S. The compatibility condition in question means that the Deligne extension for ∇ is E, and the parabolic structure on E over any x j ∈ S is given by the residue at x j of the logarithmic connection.
The unitary structure is not unique. Indeed, if h is a flat Hermitian structure on E| X\S compatible with the parabolic structure of E * , then the Hermitian structure c · h also has this property for every positive real number c. On the other hand, any two Hermitian structures on E| X\S satisfying the above conditions differ by a holomorphic automorphism of the parabolic vector bundle E * . In particular, if E * is stable, then any two Hermitian structures on E| X\S satisfying the above conditions differ by multiplication with a constant positive real number (recall that a stable parabolic bundle is simple).
Although, the flat Hermitian structure on a polystable parabolic vector bundle E * of parabolic degree zero is not unique, the flat unitary connection is unique. In fact, if E * and E ′ * are two polystable parabolic vector bundles of parabolic degree zero (they may be of different ranks), and φ : E * −→ E ′ * is a parabolic homomorphism, then φ is flat with respect to the unitary flat connections for E * and E ′ * ; in particular, kernel(φ) (respectively, image(φ)) is preserved by the unitary flat connection for E * (respectively, E ′ * ). Now take x 0 ∈ X ′ such that σ(x 0 ) = x 0 . The homotopy classes of paths starting from x 0 and ending in the two point set {x 0 , σ(x 0 )} has a natural structure of a group [BHH, Section 5 .1]; we will denote this group by Γ(X ′ , x 0 ). This group Γ(X ′ , x 0 ) fits in a short exact sequence
(see [BHH, p. 211, (5. 2)]). We recall that β(z) is 0 (respectively, 1) if z ends at x 0 (respectively, σ(x 0 )). Consider C r with the standard Hermitian structure h 0 . So U(r) is the group of all linear automorphisms of C r that preserve h 0 . Let U ′ (r) be the space of conjugate
is a group under composition. We note that U (r) has a homomorphism to Z/2Z that sends U(r) to 0 and U ′ (r) to 1. The resulting short exact sequence of groups
, where β is the homomorphism in (3.1). A σ-homomorphism ̺ is called irreducible if the action of ̺(Γ(X ′ , x 0 )) on C r does not preserve any nonzero proper complex subspace of C r . Two σ-homomorphisms ̺ 1 and ̺ 2 from Γ(X ′ , x 0 ) to U(r) are called equivalent if there is an element B ∈ U(r) such that
Note that ̺ is not a homomorphism of groups. Exactly as in the case of σ-homomorphisms, a quaternionic-homomorphism ̺ as above is called irreducible if no nonzero proper complex subspace of C r is preserved by ̺(Γ(X ′ , x 0 )). Similarly, two quaternionic-homomorphism are called equivalent if they differ by conjugation by some element of U(r).
Remark 3.1. It is possible, as in [Sch] , to replace quaternionic homomorphism
, where W(r) fits in the (unique up to isomorphism) non-splittable short exact sequence
Theorem 3.2. There is a natural bijective correspondence between the equivalence classes of σ-homomorphisms Γ(X ′ , x 0 ) −→ U(r) and polystable real parabolic vector bundles of rank r and parabolic degree zero. Moreover, this correspondence takes the irreducible σ-homomorphisms surjectively to the stable real parabolic bundles.
Proof. Take a polystable real parabolic vector bundle
of rank r and parabolic degree zero. From Lemma 2.1 we know that the parabolic vector bundle E * is polystable. Therefore, the restriction E| X\S has a unique unitary flat connection ∇ compatible with the parabolic structure. So σ * ∇ is the unitary flat connection on σ * E * . Therefore, this isomorphism τ between parabolic vector bundles E * and σ * E * preserve the connection ∇. Since τ is also an involution, from this it follows that the conjugate linear map
is an isometry for all y ∈ X \ S. Next, for any γ ∈ π 1 (X ′ , x 0 ), by taking parallel translation along γ with respect to ∇, we get the monodromy homomorphism
where U(E x0 ) is the group of C-linear unitary automorphisms of the fiber E x0 . Now, for any γ ∈ β −1 (1) ⊂ Γ(X ′ , x 0 ), where β is the projection in (3.1), by taking parallel translation along γ with respect to ∇, we get a C-linear isometry
Therefore, τ (σ(x 0 )) • T γ is a conjugate linear isometry of E x0 , because τ (σ(x 0 ) in (3.2) is a conjugate linear isometry.
Combining these, we have a map
that sends any γ ∈ π 1 (X ′ , x 0 ) to ̺ ′ (γ), and sends any γ ∈ β −1 (1) to τ (σ(x 0 )) • T γ . It is straight-forward to check that ̺ is a σ-homomorphism; we may identify U(E x0 ) with U(r) by choosing an orthonormal basis of E x0 . A different choice of an orthonormal basis of E x0 would give a new σ-homomorphism which is equivalent to this ̺. As noted earlier, any automorphism of E * preserves the unitary flat connection ∇.
Combining these, we get a map from the isomorphism classes of polystable real parabolic vector bundles, of rank r and parabolic degree zero, to the equivalence classes of σ-homomorphisms Γ(X ′ , x 0 ) −→ U(r). This map is a bijection. It's inverse can be constructed as follows.
Take any σ-homomorphisms
The restriction of ̺ to the subgroup π 1 (X ′ , x 0 ) produces polystable parabolic vector bundle (E, {E i j }, {α i j }), of rank r and parabolic degree zero, equipped with a flat unitary structure over X ′ . The fiber E x0 equipped with the Hermitian structure is identified with C r with the standard Hermitian structure. Take any γ ∈ β −1 (1).
be the parallel transport, along γ, with respect to the unitary flat connection on E| X ′ . Now consider the isomorphism T γ • ̺(γ) −1 of E x0 with E σ(x0) (since the Hilbert space E x0 is identified with C r with the standard inner product, we consider ̺(γ) as a self-map of E x0 ). It is straight-forward to check that
• T γ • ̺(γ) −1 is conjugate linear, • it is an isometry, and • it is independent of the choice of γ. For any point x ∈ X ′ , choose a path φ x in X ′ from x to x 0 . Let
be the parallel transport, along φ x , for the flat unitary connection on E| X ′ . Similarly, let
be the parallel transport, along σ(φ x ), for the flat unitary connection on E| X ′ . Now define
It is straight-forward to check that
is a conjugate linear isometry,
• it is independent of the choice of the path φ x , and • τ extends to an isomorphism of the parabolic vector bundle E * := (E, {E i j }, {α i j }) with the parabolic vector bundle σ * E * .
In fact, τ produces a real parabolic structure on E * . This way we get the inverse of the previously constructed map from the isomorphism classes of polystable real parabolic vector bundles, of rank r and parabolic degree zero, to the equivalence classes of σ-homomorphisms Γ(X ′ , x 0 ) −→ U(r). A polystable real parabolic bundle is stable if and only if every automorphism of it is the multiplication by a nonzero scalar. On the other hand, a σ-homomorphism ̺ : Γ(X ′ , x 0 ) −→ U(E σ(x0) ) is irreducible if and only if any automorphism of C r commuting with ̺(Γ(X ′ , x 0 )) is a scalar multiplication. From these it follows that the above bijection takes stable real parabolic vector bundles of rank r and parabolic degree zero surjectively to the equivalence classes of irreducible σ-homomorphisms Γ(X ′ , x 0 ) −→ U(r). The proof for the quaternionic parabolic vector bundles and and quaternionichomomorphisms is very similar. We omit the details.
Consider the product group U(r) × (Z/2Z). A homomorphism ̺ : Γ(X ′ , x 0 ) −→ U(r) × (Z/2Z) will be called of compact type if ̺(π 1 (X ′ , x 0 )) ⊂ U(r), and ̺ fits in the commutative diagram will be called a compact quaternionic homomorphism if (1) ̺(π 1 (X ′ , x 0 )) ⊂ U(r) = U(r) × {0}, (2) ̺(β −1 (1)) ⊂ U(r) × {1}, and (3) ̺(yz) = (−1) β(yz) ̺(y)̺(z) for all y, z ∈ Γ(X ′ , x 0 ).
A compact type homomorphism or a compact quaternionic type homomorphism ̺ : Γ(X ′ , x 0 ) −→ U(r) × (Z/2Z) will be called irreducible, if the standard action of ̺(Γ(X ′ , x 0 )) on C r does not preserve any nonzero proper complex subspace. Two such homomorphisms ̺ 1 and ̺ 2 will be called equivalent, if there is an element B ∈ U(r) such that ̺ 1 (z) = B −1 ̺ 2 (z)B for all z ∈ Γ(X ′ , x 0 ). Following is the compact analog of Theorem 3.2: Theorem 3.3. There is a natural bijective correspondence between the equivalence classes of compact homomorphisms Γ(X ′ , x 0 ) −→ U(r) × (Z/2Z) and polystable compact type real parabolic vector bundles of rank r and parabolic degree zero. Moreover, this correspondence takes the irreducible compact homomorphisms surjectively to the stable compact type real parabolic bundles.
There is a natural bijective correspondence between the equivalence classes of compact quaternionic homomorphisms Γ(X ′ , x 0 ) −→ U(r) and polystable compact type quaternionic parabolic vector bundles of rank r and parabolic degree zero. Moreover, this correspondence takes the irreducible compact quaternionic homomorphisms surjectively to the stable compact type quaternionic parabolic bundles.
Proof. A Hermitian form on a finite dimensional complex vector space V identifies V with V * . Hence a Hermitian structure on a complex vector bundle W identifies W with W * . Incorporating this fact, the line of proof of Theorem 3.2 works here as well.
